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This paper is part of a research project that started from the consideration that thunderstorms are tran-
sient phenomena with short duration and the structural response to transient phenomena, most notably
to earthquakes, is traditionally evaluated by the response spectrum technique. Based on this considera-
tion, a ‘‘new” method is formulated that generalizes the ‘‘old” response spectrum technique from earth-
quakes to thunderstorms. A previous paper addressed this problem for ideal point-like Single-Degree-Of-
Freedom systems subjected to wind actions perfectly coherent over the exposed structural surface. The
present paper generalizes this formulation to real space Multi-Degree-Of-Freedom systems subjected
to partially coherent wind fields with assigned velocity profile and turbulence properties; for sake of sim-
plicity, in this stage of the research, the structure is modeled as a continuous slender vertical cantilever
beam. Analyses are carried out by making recourse to the equivalent wind spectrum technique, a method
developed for synoptic stationary winds, the use of which is extended here to non-synoptic non-
stationary conditions. In spite of a rather complex formulation, the application of the thunderstorm
response spectrum technique is straightforward: the equivalent static force is the product of the peak
wind loading by a non-dimensional quantity, the equivalent response spectrum, given by a simple dia-
gram. Its derivation represents one of the most typical features of this method: it is based on the joint
numerical processing of a set of measured thunderstorm records and an analytical model that conceptu-
ally reconstructs the complete wind field around the measured data. In virtue of its characteristics, the
thunderstorm response spectrum technique is particularly suitable for rapid engineering calculations
and simple code applications.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Extra-tropical cyclones are synoptic-scale atmospheric
phenomena that strike the areas in mid-latitudes, developing on
a few thousand kilometers on the horizontal, with frequency and
duration of a few days. Their genesis, life-cycle and properties have
been explained by the polar front theory formulated by Bjerknes
and Solberg in 1922 [1].

The study of the wind actions and effects on structures due to
extra-tropical cyclones is traditionally inspired by the principles
introduced by Davenport in 1961 [2]. In such a framework themean
wind velocity, usually considered as horizontal, is characterized by
a vertical profile in equilibrium with an atmospheric boundary
layer whose depth is in the order of 1–3 km; here, within time
intervals between 10 min and 1 h, the turbulent fluctuations are
dealt with as stationary and Gaussian. The wind velocity is trans-
formed into an aerodynamic loading by assuming that the turbu-
lence is small and neglecting the quadratic term of the
fluctuations; so, like the wind velocity, also the aerodynamic load-
ing is Gaussian. Thus, dealing with structures with elastic linear
behavior, also their response is Gaussian. In addition, themaximum
response is modeled through a distribution function obtained
assuming that the up-crossings of a suitably high response thresh-
old are rare and independent events [3]. In this way, the probability
density function of the maximum response is narrow and sharp,
and its mean valuemay be considered as representative of themax-
imum response. This favored the formulation of the gust response
factor technique [2,4], and the derivation of closed form solutions
for rapid engineering calculations [5–7] and code applications [8].
In spite of a huge literature aiming to generalize and improve this
method in several ways [9–13], the analysis of the wind-excited
response of structures subjected to extra-tropical is still mainly
based on the original Davenport’s method [2].

Thunderstorms are meso-scale atmospheric phenomena that
strike most areas of Earth, developing in a few kilometers on the
horizontal. As explained by Byers and Braham in 1949 [14], they
consist of a set of cells that evolves through three subsequent
stages in about 30 min: in the cumulus stage a convective updraft
of warm air gives rise to a large size cumulus; in the mature stage
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the cumulus becomes a cumulonimbus and a downdraft of cold air
occurs; in the dissipating stage the thunderstorm is first domi-
nated by the downdraft, then it disappears. In the ‘70s and in the
‘80s Fujita showed that the downdraft that impinges over the
ground produces intense radial outflows; he called downburst
the whole of these air movements [15]. On the one hand, these
findings gave rise to a fervour of research in atmospheric sciences,
which focused on the causes, morphology and life-cycle of thun-
derstorms [16]. On the other hand, they revealed that design wind
actions and effects on structures are often due to thunderstorms,
so they have a focal role on the structural safety; this caused a
striking research in wind engineering [17,18], where two main
lines have been followed.

The first line is based on the simulation of the thunderstorm
wind field by wind tunnel tests [17,19–22], CFD codes [20,23–26]
and advanced analytical models [27–30]. The use of wind tunnel
tests allows to derive the structural loading and possibly the
dynamic response in the course of the experiments. The use of
CFD codes and analytical models calls for the transformation of
the wind field into aerodynamic wind actions subsequently
applied on the structure to evaluate its dynamic response, for
instance by finite element models of structural systems such as
transmission lines [31–33]. These methods allow the representa-
tion of the three-dimensional thunderstorm wind field, namely
the radial, circumferential and vertical components of the wind
velocity as a function of space and time. However, there is still a
number of uncertainties associated with the simulation of turbu-
lence [25], the choice of parameters [28,34], and the rules to scale
real conditions [35]. In addition, these analyses are burdensome
and their results depend on the specific structure dealt with, its
position with reference to the centreline of the downdraft, and
its orientation; their use in the engineering practice is therefore
still rather limited.

The second line, to which this paper belongs, gives up a com-
plete description of the thunderstorm wind field and focuses on
the simplified modeling of the most dangerous velocity compo-
nents for the structure dealt with. In this way, it aims at developing
methods for calculating the response of reference models, for
instance Single-Degree-Of-Freedom (SDOF) systems and vertical
cantilever beams, similar to those formulated for extra-tropical
cyclones [2,4–13], so oriented to engineering applications. In this
framework, the horizontal component of the wind velocity in the
thunderstorm outflows is usually expressed as the sum of a
slowly-varying mean part plus a residual zero mean fluctuation
dealt with as a non-stationary random process [36–39]. The
slowly-varying mean wind velocity is characterized by a vertical
‘‘nose” profile that increases up to 50–100 m height, then
decreases above; the fluctuation is given by the product of its
slowly-varying standard deviation by a rapidly-varying stationary
Gaussian random process with zero mean and unit standard devi-
ation. Based on these assumptions, Choi and Hidayat [36] studied
first the dynamic response of a point-like SDOF system subjected
to a wind velocity field perfectly coherent in space. This study
was developed later in [40–42], where the behavior of SDOF sys-
tems was analyzed by one parameter, called maximum dynamic
magnification factor or dynamic response factor, given by the ratio
between the maximum dynamic response and the static response
due to the peak wind loading. Kwon and Kareem [43,44] developed
a gust front factor framework in which the original gust response
factor technique was generalized from stationary to non-
stationary wind actions; they provided also a robust interpretation
of the conceptual behavior of the structural response. Other
authors [45–47] applied advanced techniques using evolutionary
spectral densities, wavelet transforms, Galerkin expansions and
time-series simulations.
Despite this impressive amount of research, however, there is
not yet a model of thunderstorms and their actions on structures
that led to a convergence of ideas between scholars and engineers,
similar to that which occurred when Davenport formulated his
famous model of the dynamic response of structures to synoptic
winds. This happens because, on the one hand, the complexity of
thunderstorms makes it difficult to formulate physically realistic
and simple theories, and, on the other hand, their short duration
and small size make the available measurements still rather lim-
ited. It follows that wind actions on structures are still almost
exclusively determined by the extra-tropical cyclone model that
dates back over half a century ago [48], at the most taking the
occurrence of thunderstorms into account, if data are available, in
the statistical evaluation of the design wind velocity [49,50]. This
is not enough, since extra-tropical cyclones and thunderstorms
are different phenomena that need separate assessments [18].

This paper is part of a research project that started [18] from the
remark that thunderstorms are transient phenomena character-
ized by short duration, and the structural response to transient
phenomena, most notably to earthquakes, is traditionally evalu-
ated by the response spectrum (RS) technique [51,52]. Based on
these considerations, a ‘‘new” method is here formulated, the
Thunderstorm Response Spectrum Technique (TRST), which gener-
alizes the ‘‘old” RS technique from earthquakes to thunderstorms.
The prospect that this method, though deeply revised and modi-
fied, is so very well-known by engineers as to favor its rapid use
in both the research and design fields seems to be very attractive.

A previous paper [53] addressed the problem of the thunder-
storm response of ideal point-like SDOF systems subjected to wind
actions perfectly coherent over the exposed structural surface. The
generalization of this method to the thunderstorm response of real
space Multi-Degree-Of-Freedom (MDOF) systems involves a cru-
cial aspect. The traditional use of the RS technique is based on
the classical model according to which earthquakes give rise to
perfectly coherent ground motions at the structural base, and their
actions mainly depend on the distribution of the structural masses,
namely a property of the mechanical system. Instead, thunder-
storms cause partially coherent wind fields that determine wind
actions strictly dependent on the wind velocity profile and on
the space–time correlation of the fluctuations. Taking a cue from
a previous paper by author [54], this major obstacle is overcome
by making recourse to the Equivalent Wind Spectrum Technique
(EWST) [55,56], a method developed for synoptic stationary winds,
the use of which is extended here to non-synoptic non-stationary
conditions.

Section 2 develops the wind velocity model subsequently
adopted to evaluate the structural response to thunderstorm out-
flows. Section 3 introduces the basic equations of the dynamic
alongwind response of structures to the non-stationary wind
velocity model discussed in Section 2; for sake of simplicity, in this
stage of the research, they are expressed with reference to a con-
tinuous slender vertical cantilever beam, whose response is domi-
nated by the first mode of vibration. Section 4 recalls the
fundamentals of the EWST [55,56], and generalizes its use from
stationary extra-tropical cyclones to non-stationary thunderstorm
outflows. Section 5 formulates the TRST with reference to MDOF
systems subjected to partially coherent wind fields; this aim is
pursued by introducing the concept of Equivalent RS (ERS), a quan-
tity that multiplied by the peak wind loading furnishes the equiv-
alent static force. Section 6 provides two noteworthy limit
solutions that represent upper and lower bounds of the ERS, corre-
sponding to ideal structures with infinitely small and infinitely
large surfaces exposed to wind, respectively; it is demonstrated
that in these cases the ERS coincides, respectively, with the RS
and the base RS (BRS) for SDOF systems developed in [53]. Section 7
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formulates a general procedure aimed at assessing the ERS of a
thunderstorm record; rules and concepts are also provided in order
to evaluate the mean and/or the design ERS. Section 8 extends to
MDOF systems a form of parameterization introduced with regard
to SDOF systems [53], showing and discussing its most relevant
properties and advantages. Section 9 provides a synthesis of the
basic steps of the TRST and applies this method to a real structure,
highlighting the characteristics that make the TRST particularly
suitable for rapid engineering calculations and simple code appli-
cations. Section 10 summarizes the main conclusions and draws
some prospects for future research advances. Appendix A reports
a list of the main symbols, operators and acronyms used in this
paper. Appendices B–E illustrate specific aspects.

The application of the TRST provided herein refers, as a case
study, to the results of the wind monitoring campaign conducted
for the European project ‘‘Wind and Ports” [57–59]. Despite this,
the method introduced in the present paper is fully general and
may be used in any context. Even more it is suitable to be general-
ized to different types of non-stationary wind phenomena.

2. Wind velocity

In the spirit of simplified analyses aiming to determine the
dynamic response of reference structural models to thunderstorm
outflows, the horizontal component of the wind velocity is
expressed by the classical decomposition rule [36–39,59]:

vðz; tÞ ¼ �vðz; tÞ þ v 0ðz; tÞ ð1Þ
where z is the height above ground, t 2 [0, DT] is the time, DT is an
interval between 10 min and 1 h, �v is the slowly-varying mean
wind velocity related to the low frequency harmonic content of v,
v0 is the residual fluctuation related to the high frequency harmonic
content of v. In this paper an over-bar denotes a temporal average. A
wide literature exists on the tools aiming to extract �v from v
[38,39,59,60]. Eq. (1) does not consider the change of direction of
the wind velocity.

The mean velocity �v is driven by the large scale flow and is
often dealt with as deterministic; the fluctuating velocity is
induced by the small scale turbulence and is usually schematized
by a non-stationary random process defined as [38]:

v 0ðz; tÞ ¼ rvðz; tÞ~v 0ðz; tÞ ð2Þ
where rv is the slowly-varying standard deviation of v 0; ~v 0 is the
reduced turbulent fluctuation dealt with as a rapidly-varying sta-
tionary Gaussian random field with zero mean and unit standard
deviation [39,59]. In this paper the extraction of �v from v and rv
from v0 is based on a moving average filter, or running-mean [39],
with a moving average period T = 30 s [59].

Replacing Eq. (2) into Eq. (1), the wind velocity vmay be rewrit-
ten as:

vðz; tÞ ¼ �vðz; tÞ½1þ Ivðz; tÞ~v 0ðz; tÞ� ð3Þ
where Ivðz; tÞ ¼ rvðz; tÞ=�vðz; tÞ is the slowly-varying turbulence
intensity [39,59].

The slowly-varying mean wind velocity is expressed as
[37,40,43]:

�vðz; tÞ ¼ �vmaxðhÞaðzÞcðtÞ ð4Þ
where �vmax is the maximum value of �v; h is the height of an
anemometer that registers the wind velocity or, more in general,
the reference height at which the wind velocity is assigned; a is a
non-dimensional function of z that defines the shape of the vertical
profile of �v [27–29,61–65]; c is a non-dimensional function of t,
whose maximum value is cmax = 1, which expresses the time varia-
tion of �v [30,59,66]. Thus, aðhÞ ¼ 1; �vðh; tÞ ¼ �vmaxðhÞcðtÞ and
�vmaxðzÞ ¼ �vmaxðhÞaðzÞ.
Similarly to Eq. (4), the slowly-varying turbulence intensity is
expressed here by the relationship:

Ivðz; tÞ ¼ IvðhÞbðzÞlðtÞ ð5Þ

where Iv is the average value of Iv over DT; b is a non-dimensional
function of z that defines the shape of the vertical profile of Iv [43];
l is a non-dimensional function of t that expresses the time varia-
tion of Iv [59]. Thus, bðhÞ ¼ 1; �l ¼ 1; Ivðh; tÞ ¼ IvðhÞlðtÞ and
IvðzÞ ¼ IvðhÞbðzÞ; �l being the average value of l.

Assuming l(t) = 1 corresponds to consider Iv as independent of t
[43], i.e. Ivðz; tÞ ¼ Iv ðhÞbðzÞ. Assuming b(z) = 1 corresponds to con-
sider Iv as independent of z, i.e. Iv ðz; tÞ ¼ IvðhÞlðtÞ; this position
seems to be reasonable in proximity of the terrain [59], much more
questionable on increasing the height above ground [26]. Assum-
ing l(t) = 1 and b(z) = 1 corresponds to consider Iv as independent
of both z and t [39–41,67], i.e. Iv ðz; tÞ ¼ Iv ðhÞ. The dependence of Iv
on both z and t is discussed for instance by [68,69].

It is worth noting that the decoupling of space and time in Eqs.
(4) and (5) is greatly helpful to the development of simple models
of the dynamic response of structures to thunderstorm outflows. In
spite of this, it does not reproduce the actual evolution of the wind
field [68,70,71]. This topic deserves future research. Author relies
on the LiDAR measurements currently undertaken for the Euro-
pean project ‘‘Wind, Ports and Sea” [72] may contribute to clarify
this point.

The reduced turbulent fluctuation is identified through its
cross-power spectral density (CPSD):

S~v 0 ~v 0 ðz; z0;nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S~v 0 ðz;nÞS~v 0 ðz0;nÞ

p
Coh~v 0 ~v 0 ðz; z0;nÞ ð6Þ

where z0 is a height above ground, n is the frequency, S~v 0 and Coh~v 0 ~v 0

are, respectively, the power spectral density (PSD) and the coher-
ence function of ~v 0 [73,74]. A wide literature supports the possibil-
ity of expressing S~v 0 and Coh~v 0 ~v 0 by the classical models adopted for
synoptic winds [37,39,43,59,70]; a preliminary proposal for using
different models was introduced in [38].

Replacing Eqs. (4) and (5) into Eq. (3), the wind velocity may be
modeled as:

vðz; tÞ ¼ �vmaxðhÞaðzÞcðtÞ½1þ IvðhÞbðzÞlðtÞ~v 0ðz; tÞ� ð7Þ
The peak wind velocity v̂ is defined as the maximum value of v

averaged over a short time interval s; in this paper s = 1 s. The
quantity v̂ is given by the relationship:

v̂ðzÞ ¼ �vmaxðzÞbGðzÞ ¼ v̂ðhÞvðzÞ ð8Þ

where bG is a non-dimensional ratio referred to as the peak gust fac-
tor [39,59,70], v is a non-dimensional function of z that defines the

shape of the vertical profile of v̂ [19,26,70,71]. Dealing with bG as

independent of z, namely bGðzÞ ¼ bGðhÞ, then v̂ðzÞ ¼ �vmaxðzÞbGðhÞ;
accordingly, the vertical profiles of v̂ and �vmax have the same shape,
namely v(z) = a(z). This position does not match with the simula-
tions and measurements carried out in [19,71] with reference to a
deep stratum of the atmosphere; however, in proximity of the ter-
rain, it agrees with the results reported in [59]. Also this topic
deserves more research efforts.

The wind velocity model described above may be made explicit
by implementing suitable statistical, analytical or experimental
representations of the different ingredients that compose Eq. (7).
The TRST has the following properties: (1) �vmaxðhÞ or v̂ðhÞ should
be provided by statistical estimates; (2) c;l; Iv ; ~v 0 and bGðhÞ are
assigned by a wide set of measured thunderstorm velocity records;
(3) the use of analytical models is limited, at least in this stage of
the research, to define a, b and v. It is worth noting that, while
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many expressions of a have been proposed in literature, no robust
expression for b and v is still available.

The three-dimensional representation of v, not considered in
the present paper, will be dealt with in future researches addressed
to structures represented by models other than the slender vertical
beam. As far as the translational component of the thunderstorm is
concerned [37,66,67], not examined here in explicit terms, its pos-
sible presence is implicitly taken into consideration by embedding
measured thunderstorm records into Eq. (7); this topic deserves
future research.

3. Dynamic response

This section provides a general outline of the dynamic response
of a structure to a non-stationary wind field, in particular a thun-
derstorm outflow. This formulation has no direct influence over
the assessment of the TRST (Section 5). Nevertheless it is relevant
as a reference term of comparison, to support the application of the
EWST (Section 4), and to define the bounds of the ERS (Section 6).

Let us consider a MDOF linear system. For sake of simplicity, it
is schematized as a continuous slender vertical cantilever beam.
This structure is subjected to the alongwind force defined as:

f ðz; tÞ ¼ 1
2
qv2ðz; tÞbðzÞcDðzÞ ð9Þ

where q is the density of air, v is the wind velocity (Eq. (7)), b is the
width of the structural surface exposed to wind, cD is the drag coef-
ficient. Transient aerodynamic effects discussed in [43] are here dis-
regarded for sake of simplicity and for the lack of suitable data; this
matter deserves more research efforts.

Let us assume that the structural response to thunderstorm out-
flows is dominated by the first mode of vibration. Thus, the along-
wind displacement is given by:

xðz; tÞ ¼ w1ðzÞp1ðtÞ ð10Þ
where w1 is the first modal shape and p1 is the first principal coor-
dinate given by the solution of the differential equation of motion:

€p1ðtÞ þ 2ð2pn1Þn _p1ðtÞ þ ð2pn1Þ2p1ðtÞ ¼
1
m1

f 1ðtÞ ð11Þ

n1, n, m1 and f1 being the first natural frequency, damping coeffi-
cient, modal mass and modal force defined as:

m1 ¼
Z H

0
mðzÞw2

1ðzÞdz ð12Þ

f 1ðtÞ ¼
Z H

0
f ðz; tÞw1ðzÞdz ð13Þ

where H is the height of the structure and m is its mass per unit
length. The hypothesis according to which the structural response
depends on the sole first mode of vibration calls for new research
with reference to its generalization from synoptic to thunderstorm
winds. The analysis of structures schematized by models other than
the continuous slender vertical cantilever beam, the evaluation of
the structural response by the influence function technique and
the role of the higher modes of vibration on the quasi-static part
of the response will be the subjects of future studies. Research is
also in progress to formulate a new Monte Carlo strategy aiming
to simulate thunderstorm wind fields consistent with Eq. (7) and
to carry out time-domain analyses of the structural response.
S~a0
1
ðnÞ ¼ 1

a21

Z H

0

Z H

0
a2ðzÞa2ðz0ÞbðzÞbðz0ÞS~v 0 ~v 0 ðz; z0;nÞbðzÞbðz0ÞcDðzÞcDðz0Þw1
Replacing Eq. (7) into Eq. (9), the wind loading results:

f ðz; tÞ ¼ �f ðz; tÞ þ f 0ðz; tÞ ð14Þ
where �f and f0 are the slowly-varying mean part and the residual
fluctuating part of f, respectively. Assuming that the turbulence is
small, they are given by:

�f ðz; tÞ ¼ 1
2
q�v2

maxðhÞa2ðzÞc2ðtÞbðzÞcDðzÞ ð15Þ

f 0ðz; tÞ ¼ q�v2
maxðhÞa2ðzÞc2ðtÞIvðhÞbðzÞlðtÞ~v 0ðz; tÞbðzÞcDðzÞ ð16Þ

Replacing Eqs. (14)–(16) into Eq. (13), the first modal force is
given by:

f 1ðtÞ ¼ �f 1ðtÞ þ f 01ðtÞ ð17Þ
where �f 1 and f 01 are the slowly-varying mean part and the residual
fluctuating part of f1, respectively:

�f 1ðtÞ ¼ 1
2
q�v2

maxðhÞa1c2ðtÞ ð18Þ

f 01ðtÞ ¼ q�v2
maxðhÞa1c2ðtÞIvðhÞlðtÞ~a01ðtÞ ð19Þ

a1 is dimensionally an area, ~a01 is a non-dimensional function of t:

a1 ¼
Z H

0
a2ðzÞbðzÞcDðzÞw1ðzÞdz ð20Þ

~a01ðtÞ ¼
1
a1

Z H

0
a2ðzÞbðzÞ~v 0ðz; tÞbðzÞcDðzÞw1ðzÞdz ð21Þ

Replacing Eq. (17) into Eq. (11), the first principal coordinate is
given by:

p1ðtÞ ¼ �p1ðtÞ þ p0
1ðtÞ ð22Þ

where �p1 and p0
1 are the components of p1 due to the slowly-varying

mean part (Eqs. (15) and (18)) and to the residual fluctuating part
(Eqs. (16) and (19)) of the wind loading, respectively.

The slowly-varying mean part of p1 is given by:

�p1ðtÞ ¼ 1
2
q�v2

maxðhÞa1A1ðtÞ ð23Þ

where

A1ðtÞ ¼
Z t

0
h1ðt � sÞc2ðsÞds ð24Þ

h1 being the impulse response function of p1:

h1ðtÞ ¼ e�nð2pn1Þt 1

m1ð2pn1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p sin 2pn1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q
t

� �
ð25Þ

The residual fluctuating part of p1 may be evaluated remember-
ing that c and l are slowly-varying functions of time, while ~v 0 and
~a01 are rapidly-varying stationary Gaussian random processes [59].
So, p0

1 may be regarded as a uniformly modulated random process
[75] whose evolutionary spectral density is given by [76]:

Sp01 ðn; tÞ ¼ ½q�v2
maxðhÞa1IvðhÞ�

2jA0
1ðn; tÞj2S~a01 ðnÞ ð26Þ

where

A0
1ðn; tÞ ¼

Z t

0
h1ðt � sÞc2ðsÞlðsÞe�ið2pnÞðt�sÞds ð27Þ

i is the imaginary unit, S~a01 is the PSD of ~a01 (Eq. (21)):
ðzÞw1ðz0Þdzdz0 ð28Þ
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S~v 0 ~v 0 is the CPSD of ~v 0 (Eq. (6)). Eq. (27) points out the modulating
role of l [59]; it is usually disregarded in literature, assuming
l = 1 [36–47].

Appendix B provides simplified expressions of Eqs. (24) and
(27). The distribution of the maximum value of p1 is reported for
instance in [77].

4. Equivalent wind spectrum technique

The EWST, introduced in [55] and perfected in [56] for slender
structures, is a method that drastically reduces the computational
burden for evaluating the wind-induced response to stationary
synoptic winds. It consists in replacing the actual turbulent fluctu-
ation, as a random function of time and space, by an equivalent
turbulent fluctuation, as a random function of time identically
coherent in space. This quantity is defined in such a way that the
aerodynamic admittance associated with it matches, in the best
possible way, that involved by the actual turbulence field.

In order to apply the EWST to non-stationary thunderstorm out-
flows, the coherence function of the reduced turbulent fluctuation
~v 0 (Eq. (6)) is expressed by:

Coh~v 0 ~v 0 ðz; z0;nÞ ¼ exp � 2nczjz� z0j
�vmaxðzÞ þ �vmaxðz0Þ

� �
ð29Þ

where cz is the exponential decay coefficient of ~v 0 along z. The con-
ventional choice of identifying the slowly-varying mean wind
velocity with its maximum value calls for future analyses. It is
worth noting that the application of the EWST does not require
any explicit hypothesis on the PSD of ~v 0.

Based on Eq. (29), the reduced equivalent turbulent fluctuation
~v 0
eq is defined through its PSD:

S~v 0 ;eqðn; dÞ ¼ S~v 0 ðzeq;nÞCðdnÞ ð30Þ
where S~v 0 is the PSD of ~v 0, zeq is an appropriate equivalent height, C
is a frequency filter that takes into account the coherence of ~v 0 (Eq.
(29)) by reducing its PSD in equivalent terms:

CðgÞ ¼ 1
g
� 1
2g2 ð1� e�2gÞ ðg > 0Þ; Cð0Þ ¼ 1 ð31Þ

g is the argument of the operator C, d is a length referred to as the
size factor:

d ¼ jczH
�vmaxðzeqÞ ð32Þ

in which j is a non-dimensional coefficient referred to as the modal
shape factor.

Dealing with synoptic winds and slender vertical cantilever
structures whose first modal shape may be approximated as
w1(z) = (z/H)f, the equivalent height and the modal shape factor
are given by [56]:

zeq ¼ 0:6H; j ¼ 0:5

ðfþ 1Þ0:55
ð33Þ

A preliminary parametric numerical analysis was carried out on
varying the wind and the structural properties; in particular, differ-
ent shapes of the ‘‘nose” profile were investigated on changing the
height of the structure. Outcomes seem to show that Eq. (33) pro-
vides enough suitable results also for thunderstorms. More sys-
tematic analyses are currently in progress to validate or improve
the above expressions. Appendix C illustrates the application of
the EWST throughout an example.

Adopting the above definition of ~v 0
eq, Eq. (7) may be rewritten

as:

veqðz; t; dÞ ¼ �vmaxðhÞaðzÞcðtÞ½1þ IvðhÞbðzÞlðtÞ~v 0
eqðt; dÞ� ð34Þ
where veq is referred to as the equivalent wind velocity; this quan-
tity is expressed as an explicit function of d in order to stress the key
role of this parameter. This new definition of the wind velocity does
not modify the slowly-varying mean part of the force (Eq. (15)), of
the first modal force (Eq. (18)) and of the first principal coordinate
(Eq. (23)). Instead, it drastically changes their residual fluctuating
parts (Eqs. (16), (19) and (26)) as follows:

f 0ðz; t; dÞ ¼ q�v2
maxðhÞa2ðzÞc2ðtÞIvðhÞbðzÞlðtÞ~v 0

eqðt; dÞbðzÞcDðzÞ ð35Þ

f 01ðt; dÞ ¼ q�v2
maxðhÞa1c2ðtÞIvðhÞlðtÞ~v 0

eqðt; dÞ ð36Þ

Sp01 ðn; t; dÞ ¼ ½q�v2
maxðhÞa1IvðhÞ�

2jA0
1ðn; tÞj2S~v 0 ;eqðn; dÞ ð37Þ

The comparison between Eqs. (19) and (36) and Eqs. (26) and
(37) emphasizes the following properties:

~a01ðtÞ ¼ ~v 0
eqðt; dÞ ð38Þ

S~a01 ðnÞ ¼ S~v 0 ;eqðn; dÞ ð39Þ
Eqs. (38) and (39) represent formidable simplifications of Eqs. (21)
and (28). Moreover, they support the application of the EWST to
non-stationary thunderstorm outflows, since this method strictly
operates on the sole stationary part of the turbulent fluctuations.

5. Response spectrum technique

This section provides the fundamentals of the TRST by focusing
on three aspects: (1) the extension of the procedure developed in
[53] from an ideal point-like SDOF system to an actual space MDOF
system, schematized herein as a continuous slender vertical can-
tilever beam; (2) the comparison with the more classical theory
developed in Section 3; (3) the use of the EWST (Section 4) as a
basic tool. In this preliminary stage of the research two simplified
hypotheses on the wind velocity are used, whose properties are
discussed in Section 2: (1) the turbulence intensity Iv is indepen-
dent of the height z above ground, namely b = 1 in Eq. (5); (2)
the vertical profile of the peak wind velocity v̂ (Eq. (8)) has the
same shape of the vertical profile of the slowly-varying mean wind
velocity �v (Eq. (4)), namely v = a. Research is in progress to gener-
alize the following formulation by overcoming these two
limitations.

Based upon Eq. (9) with v = a, the peak wind force induced by
thunderstorm outflows is given by:

f̂ ðzÞ ¼ 1
2
qv̂2ðhÞa2ðzÞbðzÞcDðzÞ ð40Þ

Accordingly, the peak static displacement is given by:

x̂ðzÞ ¼ 1

m1ð2pn1Þ2
1
2
qv̂2ðhÞa1w1ðzÞ ð41Þ

Let us introduce the reduced equivalent wind velocity defined
as:

ueqðt; dÞ ¼ veqðh; t; dÞ
v̂ðhÞ ð42Þ

where veq is given by Eq. (34) with b = 1. Accordingly, the wind force
provided by Eq. (9) results:

f ðz; tÞ ¼ 1
2
qv̂2ðhÞa2ðzÞu2

eqðt; dÞbðzÞcDðzÞ ð43Þ

The first modal force given by Eq. (13) may be rewritten as:

f 1ðtÞ ¼
1
2
qv̂2ðhÞa1u2

eqðt; dÞ ð44Þ
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The equation of motion defined by Eq. (11) assumes the form:

€p1ðtÞ þ 2ð2pn1Þn _p1ðtÞ þ ð2pn1Þ2p1ðtÞ ¼
1
m1

1
2
qv̂2ðhÞa1u2

eqðt; dÞ
ð45Þ

It is worth noting that, differently from Eqs. (16), (19) and (26),
Eqs. (43)–(45) do not call for assuming that the turbulence is small.
On the other hand, differently from Eqs. (43)–(45), Eqs. (16), (19)
and (26) do not call for assuming that the turbulence intensity is
independent of height.

Let us introduce the reduced equivalent displacement defined
as:

deqðtÞ ¼ xðz; tÞ
x̂ðzÞ ¼ 2m1ð2pn1Þ2

qv̂2ðhÞa1 p1ðtÞ ð46Þ

This quantity is independent of z since the structural response
depends on the sole first mode of vibration. By virtue of Eq. (46),
deq is given by the solution of the differential equation of motion:

€deqðtÞ þ 2nð2pn1Þ _deqðtÞ þ ð2pn1Þ2deqðtÞ ¼ ð2pn1Þ2u2
eqðt; dÞ ð47Þ

Paraphrasing the definition of the thunderstorm RS, Sd,
introduced in [53] for a point-like SDOF system, the thunderstorm
ERS for a vertical MDOF system is defined as:

Sd;eq ¼ deq;max ð48Þ
where deq,max is the maximum value of deq (Eq. (47)). It is worth
noting that the RS Sd of a point-like SDOF system subjected to a per-
fectly coherent wind field depends on the wind velocity v, scaled by
the peak wind velocity v̂ , and on two parameters: the fundamental
frequency n0 and the damping coefficient n. Eqs. (47) and (48) show
that the ERS of a vertical MDOF system subjected to a partially
coherent wind field depends on one more parameter, the size factor
d, that synthesizes the role of the aerodynamic admittance; of
course, n1 replaces n0.

Thanks to the linearity of the structure, the maximum
displacement and the equivalent static force result:

xmaxðzÞ ¼ x̂ðzÞ � Sd;eq ð49Þ

f eqðzÞ ¼ f̂ ðzÞ � Sd;eq ð50Þ
where xmax is the maximum value of x (Eq. (10)), and feq is the force
that statically applied on the structure causes xmax.

Table 1 shows a comparison between the TRST for a point-like
SDOF system subjected to a fully coherent wind field and a vertical
MDOF system subjected to a partially coherent wind field. The
equation numbers for the point-like SDOF system are those utilized
in [53]. The equation numbers for the vertical MDOF system are
those utilized in the present paper.
Table 1
Comparison between the TRST for point-like SDOF systems and vertical MDOF systems.

Point-like SDOF systems

Equation Numbera

f̂ ¼ 1
2qv̂

2AcD (34)

x̂ ¼ 1
mð2pn0Þ2

1
2qv̂

2AcD (35)

uðtÞ ¼ vðtÞ
v̂

(36)

dðtÞ ¼ xðtÞ
x̂

(37)

€dðtÞ þ 2nð2pn0Þ _dðtÞ þ ð2pn0Þ2dðtÞ ¼ ð2pn0Þ2u2ðtÞ (20)

Sd ¼ dmax (21)
xmax ¼ x̂ � Sd (38)

f eq ¼ f̂ � Sd (39)

a Equation numbers for point-like SDOF systems refer to [53]. In this case, A is the area o
RS, namely Sd ¼ S^d .
6. Upper and lower bounds

Section 7 provides a general framework for solving Eq. (47) and
determining the ERS of a vertical MDOF system (Eq. (48)). Before
introducing this framework, however, this section shows that Eq.
(48) admits two noteworthy limit solutions that represent, respec-
tively, an upper and a lower bound of the ERS. Both these bounds
correspond to solutions already derived in [53] with reference to a
point-like SDOF system.

The upper bound corresponds to the ideal case in which the
wind field is perfectly coherent, or the structural surface exposed
to wind is infinitely small, or the aerodynamic admittance is unit.
This is equivalent to assume d = 0 (Eq. (32)) and C = 1 (Eq. (31)).
Thus (Eq. (30)):

S~v 0 ;eqðn; dÞ ¼ S~v 0 ;eqðn;0Þ ¼ S~v 0 ðzeq;nÞ ð51Þ
Since in this stage of the research single velocity records have

been mainly analyzed [59] and few high-resolution vertical veloc-
ity profiles are still available [72], the PSD of ~v 0 at the equivalent
height zeq is identified with the PSD of ~v 0 at the height h of the
anemometer. Accordingly, the reduced equivalent turbulence fluc-
tuation results:

~v 0
eqðt; dÞ ¼ ~v 0

eqðt;0Þ ¼ ~v 0ðh; tÞ ð52Þ
Eq. (52) corresponds to assuming that the PSD of ~v 0 is independent
of z. This is not fully consistent with the results provided in [59],
according to which S~v 0 may be expressed as a function of
~n ¼ nz=�vmaxðzÞ, so it implicitly depends on z. While waiting to col-
lect more data and to carry out new analyses, this shortcoming is
overcome in Section 8 through a different parameterization.

Based on this model, the equivalent wind velocity veq (Eq. (34))
identifies itself with the wind velocity v (Eq. (7)) at z = h. Conse-
quently, the reduced equivalent wind velocity ueq (Eq. (42)) identi-
fies itself with the reduced wind velocity u introduced in [53] for a
point-like SDOF system (Table 1), namely:

ueqðt; dÞ ¼ ueqðt;0Þ ¼ veqðh; t;0Þ
v̂ðhÞ ¼ vðh; tÞ

v̂ðhÞ ¼ uðtÞ ð53Þ

Thus, deq (Eq. (47)) identifies itself with the reduced displace-
ment d given by the solution of the differential equation of motion:

€dðtÞ þ 2nð2pn1Þ _dðtÞ þ ð2pn1Þ2dðtÞ ¼ ð2pn1Þ2u2ðtÞ ð54Þ
It follows that the ERS Sd,eq of a vertical MDOF system (Eq. (48))

identifies itself with the RS Sd of a point-like SDOF system, namely:

Sd;eq ¼ Sd ¼ dmax ð55Þ
where dmax is the maximum value of d.

The lower bound corresponds to the ideal case in which the
wind field is fully incoherent, or the structural surface exposed to
Vertical MDOF systems

Equation Number

f̂ ðzÞ ¼ 1
2qv̂

2ðhÞa2ðzÞbðzÞcDðzÞ (40)

x̂ðzÞ ¼ 1
m1ð2pn1Þ2

1
2qv̂

2ðhÞa1w1ðzÞ (41)

ueqðt; dÞ ¼ veqðh;t;dÞ
v̂ðhÞ

(42)

deqðtÞ ¼ xðz;tÞ
x̂ðzÞ

(46)

€deqðtÞ þ 2nð2pn1Þ _deqðtÞ þ ð2pn1Þ2deqðtÞ ¼ ð2pn1Þ2u2
eqðt; dÞ (47)

Sd;eq ¼ deq;max (48)
xmaxðzÞ ¼ x̂ðzÞ � Sd;eq (49)

f eqðzÞ ¼ f̂ ðzÞ � Sd;eq (50)

f the surface exposed to wind,m is the mass, the RS identifies with the reduced peak
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wind is infinitely large, or the aerodynamic admittance is null. This
is equivalent to assume d?1 (Eq. (32)) and C = 0 (Eq. (31)). Thus
(Eq. (30)):

S~v 0 ;eqðn; dÞ ¼ S~v 0 ;eqðn;1Þ ¼ 0 ð56Þ
Accordingly, the reduced equivalent turbulence fluctuation is

given by:

~v 0
eqðt; dÞ ¼ ~v 0

eqðt;1Þ ¼ 0 ð57Þ
Based on this model, the equivalent wind velocity veq (Eq. (34))

identifies itself with the slowly-varying mean wind velocity �v (Eq.
(4)) at z = h. Consequently, the reduced equivalent wind velocity
ueq (Eq. (42)) identifies itself with the reduced slowly-varying
mean wind velocity �u introduced in [53] for a point-like SDOF sys-
tem, namely:

ueqðt; dÞ ¼ ueqðt;1Þ ¼ veqðh; t;1Þ
v̂ðhÞ ¼ �vðh; tÞ

v̂ðhÞ ¼ �uðtÞ ð58Þ

Thus, deq (Eq. (47)) identifies itself with the reduced mean dis-
placement �d given by:

�dðtÞ ¼ �u2ðtÞ ð59Þ
It follows that the ERS Sd,eq of a vertical MDOF system (Eq. (48))

identifies itself with the RS of a point-like SDOF system submitted
to the slowly-varying mean wind velocity �v . This quantity was
called in [53] the BRS and was denoted by Sdb; accordingly:

Sd;eq ¼ Sdb ¼ �dmax ¼ 1bG2ðhÞ
ð60Þ

where �dmax is the maximum value of �d.
Using together Eqs. (55) and (60), the actual value of Sd,eq has

the following property:

Sdb 6 Sd;eq 6 Sd ð61Þ
Fig. 1 provides a qualitative representation of the trend depicted

above. The anomalous condition occurring for unrealistically low
natural frequencies was explained in [53].
7. Equivalent response spectrum

The assessment of the ERS (Eq. (48)) is one of the most typical
features of the TRST: it involves the joint numerical processing of
a thunderstorm record and the implementation of an analytical
model that conceptually reconstructs the complete wind field
around the measured data. Keeping in mind the results obtained
in Sections 5 and 6, the following procedure is formulated.
Fig. 1. General trend of the thunderstorm ERS.
(1) Consider the wind velocity v(h, t) recorded during a thunder-
storm by an anemometer at the height z = h, apply the
decomposition rule provided by Eq. (7) with a(h) = b(h) = 1,
and extract from it the reduced turbulent fluctuation
~v 0ðh; tÞ and the peak wind velocity v̂ðhÞ.

(2) Evaluate the Fourier transform of ~v 0ðh; tÞ, namelyeV 0ðh;nÞ ¼ Ff~v 0ðh; tÞg, after making the signal compatible
with the execution of this operation [78].

(3) Evaluate the Fourier transform of the reduced equivalent
turbulent fluctuation ~v 0

eqðt; dÞ by the method described in
Appendix D:
eV 0
eqðn; dÞ ¼ eV 0ðh;nÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
CðdnÞ

p
ð62Þ

d = dj (j = 1,2, . . . , J) (Eq. (32)) being a set of J values of the size
factor that represent all the real cases.
(4) Evaluate ~v 0
eqðt; dÞ as the inverse Fourier transform ofeV 0

eqðn; dÞ, namely ~v 0
eqðt; dÞ ¼ F�1feV 0

eqðn; dÞg, being d = dj
(j = 1,2, . . . , J).

(5) Replace ~v 0
eqðt; dÞ into Eq. (34) with a(h) = b(h) = 1, and deter-

mine the equivalent wind velocity veq(h, t, d), being d = dj
(j = 1,2, . . . , J).

(6) Replace veq(h, t, d) into Eq. (42), and determine the reduced
equivalent wind velocity ueq(t, d), being d = dj (j = 1,2, . . . , J).

(7) Replace ueq(t, d) into Eq. (47), and determine the reduced dis-
placement deq(t), being d = dj (j = 1,2, . . . , J), for a set of L val-
ues of the first natural frequency n1 = n1l (l = 1,2, . . . ,L) andM
values of the damping coefficient n = nm (m = 1,2, . . . ,M) that
represent all the real cases.

(8) Apply Eq. (48), and determine the ERS, Sd,eq, being d = dj
(j = 1,2, . . . , J), n1 = n1l (l = 1,2, . . . ,L) and n = nm (m = 1,2, . . . ,
M).

Fig. 2 illustrates some steps of this procedure. Scheme (a) shows
the velocity v(h, t) recorded by anemometer 3 of the Port of La Spe-
zia (h = 10 m) during the thunderstorm occurred on 25 October
2011. Scheme (b) shows the reduced turbulent fluctuation
~v 0ðh; tÞ; it coincides with the reduced equivalent turbulent fluctua-
tion ~v 0

eqðt; dÞ ¼ ~v 0
eqðt;0Þ and corresponds to the upper bound in

which the turbulence field is perfectly coherent or the structural
surface is infinitely small (Section 6). Schemes (c) and (d) show
the reduced equivalent turbulent fluctuation ~v 0

eqðt; dÞ for d = 1 and
20 m, respectively; on increasing d the high frequency harmonic
content of ~v 0

eq reduces (Section 4); this reproduces, in equivalent
terms, the role of the aerodynamic admittance related to the par-
tial coherence of the turbulence field. Schemes (e) and (f) show
the reduced equivalent velocity veq(h, t, d) for d = 1 and 20 m,
respectively; on increasing d the signals approach the slowly-
varying mean wind velocity �vðh; tÞ that represents the limit of
veq(h, t, d) for d tending to infinite; this corresponds to the lower
bound in which the turbulence field is fully incoherent, or the
structural surface is infinitely large (Section 6).

According to the definition given in [53], a set of thunderstorm
records is said to be homogeneous provided that their properties
relevant to determining the RS are characterized by non-
quantifiable uncertainties. The reader is addressed to [53] for a
detailed discussion on this delicate topic.

Let us consider a set of N homogeneous thunderstorm records
v(h, t) = vi(hi, t) (i = 1,2, . . . ,N) and their ERS Sd,eq = Sdi,eq (i = 1,2, . . . ,
N); hi is the height of the anemometer that detects the ith record.
The mean value, the standard deviation (std) and the coefficient
of variation (cov) of the ERS are given by:

hSd;eqi ¼ 1
N

XN
i¼1

Sdi;eq ð63Þ



Fig. 2. (a) Thunderstorm wind velocity record; (b) reduced turbulent fluctuation; reduced equivalent turbulent fluctuation for d = 1 m (c) and d = 20 m (d); equivalent wind
velocity for d = 1 m (e) and d = 20 m (f).
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stdðSd;eqÞ ¼ 1
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i¼1
ðSdi;eq � hSd;eqiÞ2

r
ð64Þ

covðSd;eqÞ ¼ stdðSd;eqÞ
hSd;eqi ð65Þ
However, a problem highlighted in [53] is still open and com-
mitted for future researches currently in progress: what is the best
choice of the thunderstorm design ERS to adopt in Eqs. (49) and
(50)? Is the mean value of the ERS representative of the design
ERS of a set of thunderstorm records? Or is it better to use its mean
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value plus one std as often done in seismic engineering? Or is even
better to resort, and how, to suitably defined exceedance probabil-
ity levels of the ERS?

Fig. 3 shows the mean ERS of 93 thunderstorm records detected
in the Ports of Genoa, La Spezia and Livorno in the period 2011–
2012 [53,59]. The variation of n1 is extended until unrealistic val-
ues to show the general trend and the limit tendencies of the
ERS. Schemes (a)–(e) refer, respectively, to the damping coeffi-
cients n = 0.002, 0.005, 0.01, 0.02, 0.05. Each scheme provides the
mean ERS as a function of the first natural frequency n1, on varying
the size factor in the range d = 0.1–200 m; it diminishes on increas-
Fig. 3. Mean ERS as a function of n1 and d for: (a) n = 0.00
ing both n and d. The upper diagram (d = 0) refers to the upper
bound (Eq. (55)); the lower diagram (d?1) refers to the lower
bound (Eq. (60)).

It is worth noting that the RS of a point-like SDOF system is
almost independent of the fundamental frequency n0, at least in
the range of its most typical values [53]. This situation does not
radically vary, but seems to be less apparent, for the ERS of a ver-
tical MDOF system; this happens because the aerodynamic admit-
tance reduces faster the high frequency harmonic content of the
structural response, the greater is the structural surface exposed
to wind, thus the size factor d. It follows that, on the one hand,
2; (b) n = 0.005; (c) n = 0.01; (d) n = 0.02; (e) n = 0.05.
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one of the major advantages of parameterizing the RS as a function
of n1 is definitely weaker; on the other hand, one of the most pecu-
liar aspects of synoptic winds is partly recovered, at least in the
most typical range of the n1, n and d values: the structural response
reduces on increasing the natural frequency. In the case of thun-
derstorms, however, this trend seems to be less evident than that
which occurs for synoptic winds [18]. This topic deserves further
research.

Fig. 4 completes the information in Fig. 3 by showing, in an
analogous format, the cov of the ERS. This quantity diminishes on
increasing n and tends to diminish on increasing n1. In addition,
Fig. 4. Cov of the ERS as a function of n1 and d for: (a) n = 0.
it gradually changes from d = 0 to d?1; however, differently from
Fig. 3, where hSd,eqi diminishes on increasing d, the dependence of
cov(Sd,eq) on d is not monotonic. This remark agrees with the trends
pointed out in [53]. The large cov values in the low frequency range
do not correspond to realistic cases [53].

8. Parameterized equivalent response spectrum

The RS of a point-like SDOF system assumes different shapes
depending on whether it is expressed as a function of n0 or of its
reduced value ~n0 ¼ n0z=�vmax [53]. Remembering that expressing
002; (b) n = 0.005; (c) n = 0.01; (d) n = 0.02; (e) n = 0.05.
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hSd,eqi as a function of n1 (MDOF systems) does not imply the same
advantages of expressing hSdi as a function of n0 (SDOF systems)
(Section 7), this section investigates the consequences of parame-
terizing the ERS as a function of suitably reduced values of n1
and d. The following choices are adopted:

~n1 ¼ n1zeq
�vmaxðzeqÞ ð66Þ
~d ¼ jCzH
zeq

ð67Þ

where ~n1 and ~d are, respectively, the reduced first natural frequency
and the reduced size factor.

Based upon the above definitions, and paraphrasing the method
developed in [53], Eq. (47) may be conveniently rewritten as:

€deqð~tÞ þ 2nð2p~n1Þ _deqð~tÞ þ ð2p~n1Þ2deqð~tÞ ¼ ð2p~n1Þ2u2
eqð~t; ~dÞ ð68Þ

where ~t ¼ t�vmaxðzeqÞ=zeq is the reduced time, ueqð~t; ~dÞ is the reduced
equivalent wind velocity (Eq. (42)). Accordingly, the reduced equiv-
alent turbulent fluctuation ~v 0

eqð~t; ~dÞ is identified by its PSD:

S~v 0 ;eqð~n; ~dÞ ¼ S~v 0 ðzeq; ~nÞCð~d~nÞ ð69Þ
~n ¼ nzeq=�vmaxðzeqÞ being the reduced frequency. These definitions
imply three relevant aspects.

First, the above formulation overcomes the previous shortcom-
ing according to which the PSD of ~v 0 is independent of z (Sections 5
and 6). Under this point of view, the TRST returns to be consistent
with the results obtained in [59], according to which the PSD of ~v 0

may be parameterized as a function of nz=�vmaxðzÞ; in this case,
z = zeq.

Second, differently from the size factor d (Eq. (32)), namely a
length that may assume a broad band of values, the reduced size
factor ~d (Eq. (67)) is a non-dimensional quantity whose value usu-
ally falls in a restricted domain. In particular, dealing with slender
vertical cantilever structures, f = 0.7–2.5; zeq/H = 0.6 and j = 0.25–
0.37 (Eq. (33)); cz = 7 � 15 [73]. Thus, ~d ¼ 3� 9.

Third, Eq. (47) may be regarded as a particular case of Eq. (68),
obtained assuming ~t ¼ t; ~n1 ¼ n1 and ~d ¼ d. Thus, Eq. (68) repre-
sents a unitary equation of motion from which the two forms of
parameterization defined above can be obtained through a suitable
and unique numeric integration algorithm. Appendix E provides a
synthetic generalization of the procedure developed in Section 7.

Fig. 5 shows the mean ERS of the 93 thunderstorm records used
to obtain Fig. 3 as a function of ~n1 on varying ~d; schemes (a)–(e)
refer, respectively, to n = 0.002, 0.005, 0.01, 0.02, 0.05. As in
Fig. 3, the mean ERS reduces on increasing both n and ~d. The upper
diagram (~d ¼ 0) corresponds to the upper bound (Eq. (55)); the
lower diagram (~d ! 1) corresponds to the lower bound (Eq.
(60)). Fig. 6 completes the information given by Fig. 5 showing,
in an analogous format, the cov of the ERS.

Figs. 5 and 6 point out a relevant aspect: at least for slender ver-
tical structures, the values assumed by ~d belong to a so restricted
range as to make hSd,eqi and cov(Sd,eq) almost independent of this
parameter. Under this viewpoint, it is intriguing to assign ~d one
value on average representative of the behavior of all the slender
vertical structures. To this aim, let us assume cz = 10, f = 2, zeq = 0.6-
H andj = 0.27 (Eq. (33)); thus, ~d ¼ 4:5 (Eq. (67)). In this case, like the
mean value and the cov of the RS for a point-like SDOF system, also
the mean value and the cov of the ERS for a vertical MDOF system
depend on only two parameters: ~n1 and n. Adopting this new con-
ception, Figs. 5 and 6 are replaced by the couple of schemes in Fig. 7.
In particular, Fig. 7(a) shows that hSd,eqi, namely the dynamic
effect induced by thunderstorms on structures [53], tends to
reduce on increasing both n and ~n1. From a qualitative viewpoint,
this trend confirms what has long been known with regard to syn-
optic winds. From a quantitative viewpoint, instead, the dynamic
effects induced by thunderstorms seem to be less sensitive to n
and ~n1. The limited dependence of hSd,eqi on n is typical of the struc-
tural response to short duration events, which do not last long
enough to trigger full resonance. The interpretation of the limited
dependence of hSd,eqi on ~n1 is more delicate [18] and calls for fur-
ther studies.

9. Application

In spite of a rather complex formulation, the application of the
TRST is straightforward. Table 2 provides a synthetic list of its main
steps. A calculation example is reported below.

Consider a telecommunication antenna mast [79] made up of
two steel shafts with tubular circular cross-section, whose total
height is H = 30 m (Fig. 8a). The first shaft, referred to as main
shaft, is 24 m long; the outer diameter of its cross-section varies
from 1100 mm at the bottom to 550 mm at the top; its thickness
is constant and equal to 5 mm. The second shaft, put above the first
one, is 6 m long; its cross-section has constant outer diameter
193.7 mm and constant thickness 7.1 mm; it carries 6 antennas
covered by a fiberglass cylinder with outer diameter 1500 mm.
The following steps correspond to the scheme in Table 2.

(1) The structure is placed in the Port of La Spezia. In accordance
with some preliminary statistical estimates carried out in
[80], the peak wind velocity of thunderstorm outflows at
the height h = 13 m above ground with return period
50 years is v̂ ¼ 43:8 m=s; studies are in progress to improve
this estimate based on longer acquisitions. The peak gust
factor related to a moving average period T = 30 s isbG ¼ 1:20 [59]. Thus, the maximum value of the slowly-
varying mean wind velocity at the height h is
�vmax ¼ 43:8=1:20 ¼ 36:5 m=s (Eq. (8)).

(2) Without any consideration on the best law that represents
the vertical profile of the maximum value of the slowly-
varying mean wind velocity (Section 2), the model proposed
in [64] is adopted herein. Accordingly, the shape function a
in Eq. (4) is given by:
aðzÞ ¼ z
h

� �1=6 1� erf 0:70 � z
z�

	 

1� erf 0:70 � h

z�
	 
 ð70Þ

where erf is the error function, z⁄ = 6zm is the height above
ground for which �vmaxðz�Þ ¼ 0:5�vm; zm is the height for which
�vmax ¼ �vm; �vm is the maximum value of �vmax along z. As an
example, zm = 50 m and z⁄ = 6 � 50 = 300 m. Fig. 8(b) shows
the vertical profiles of �vmax and v̂ (Eqs. (4) and (8)). Since
zm is higher than the height H of the structure, the shape of
the wind velocity along the tower is similar to the typical
profile of the atmospheric boundary layer.
(3) The density of air is q = 1.25 kg/m3. According to the Italian
Standards [81], the drag coefficient of the main shaft is
cD = 0.6; the drag coefficient of the upper cylinder is
cD = 0.615. Fig. 8(c) shows the vertical profile of the peak

wind force (Eq. (40)), where f̂ ðHÞ ¼ 1333 N=m.
(4) The structure is schematized as a slender vertical cantilever

beam with elastic linear properties. The first three natural
flexural frequencies are n1 = 0.92 Hz, n2 = 2.84 Hz,
n3 = 7.46 Hz [79]. The first modal shape is well approxi-
mated by the relationship w1(z) = (z/H)f, where f = 2.4. The



Fig. 5. Mean ERS as a function of ~n1 and ~d for: (a) n = 0.002; (b) n = 0.005; (c) n = 0.01; (d) n = 0.02; (e) n = 0.05.
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damping coefficient is n = 0.005 [82]. The first modal mass is
m1 = 671 kg (Eq. (12)). Since the second natural frequency is
well beyond the first one, it is reasonable to evaluate the
structural response considering only the first mode of
vibration.

(5) Thanks to Eq. (20), a1 = 6.908 m2. The peak static displace-
ment at the top of the structure is x̂ðHÞ ¼ 0:37 m (Eq. (41)).
(6) The exponential decay coefficient of the turbulence
is assumed as cz = 10 [73], the modal shape factor is
j = 0.5/(2.4 + 1)0.55 = 0.255, the equivalent height is
zeq = 0.6 � 30 = 18 m (Eq. (33)), a(zeq) = 1.041 (Eq. (70)),
�vmaxðzeqÞ ¼ 36:5� 1:041 ¼ 38:0 m=s (Eq. (4)).

(7) The mean value and the cov of the ERS, Sd,eq, may be
evaluated through one of the following methods:



Fig. 6. Cov of the ERS as a function of ~n1 and ~d for: (a) n = 0.002; (b) n = 0.005; (c) n = 0.01; (d) n = 0.02; (e) n = 0.05.
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(A) In addition to the knowledge of n1 = 0.92 Hz and
n = 0.005, the use of Figs. 3 and 4 calls for evaluating
the size factor d = 0.255 � 10 � 30/38.0 = 2.01 m (Eq.
(32)). Accordingly, hSd,eqi = 1.20 and cov(Sd,eq) = 0.14.

(B) In addition to the knowledge of n = 0.005, the use of
Figs. 5 and 6 calls for evaluating the reduced first natural
frequency ~n1 ¼ 0:92� 18=38:0 ¼ 0:435 and the reduced
size factor ~d ¼ 0:255� 10=0:6 ¼ 4:25 (Eqs. (66) and
(67)). Accordingly, hSd,eqi = 1.15 and cov(Sd,eq) = 0.18.
(C) In addition to the knowledge of n = 0.005, the use of
Fig. 7 calls for evaluating only ~n1 ¼ 0:435. Accordingly,
hSd,eqi = 1.17 and cov(Sd,eq) = 0.18.
(8) Table 3 shows, for each of these methods, the mean, the cov,
the std and the mean plus one std of the ERS. The cov multi-
plied by 100 corresponds to the per cent increase of the
mean plus one std with regard to the mean. At least for the
structure examined here, the three methods provide very
close results; such results become almost invariant with ref-
erence to the mean plus one std of the ERS.



Fig. 7. Mean value (a) and cov (b) of the ERS as a function of ~n1 and n, for ~d ¼ 4:5.

Table 2
Synthesis of the application of the TRST.

Step Operation

1 Assign the peak wind velocity v̂ , or the maximum value of the slowly-varying mean wind velocity �vmax at the reference height h; v̂ and �vmax are linked by Eq. (8)
2 Select a non-dimensional vertical profile of the wind velocity a (Eq. (4))a

3 Assign the height H, the width b, and the drag coefficient cD of the structure; calculate the peak wind force f̂ (Eq. (40))
4 Determine the first natural frequency n1, the first mode of vibration w1, the damping coefficient n, and the first modal mass m1 (Eq. (12)) of the structure
5 Evaluate the quantity a1 (Eq. (20)), and the peak static displacement x̂ (Eq. (41))
6 Assign the exponential decay coefficient of the turbulence cz (for instance cz = 10), the modal shape factor j and the equivalent height zeq (Eq. (33)); evaluate �vmax

at the height zeq (Eq. (4))
7 Evaluate the mean value and the cov of the ERS Sd,eq by one of the following methods:

(A) assign the size factor d (Eq. (32)); estimate hSd,eqi (Fig. 3) and cov(Sd,eq) (Fig. 4) as functions of n1, n, d
(B) assign ~n1 (Eq. (66)) and ~d (Eq. (67)); estimate hSd,eqi (Fig. 5) and cov(Sd,eq) (Fig. 6) as functions of ~n1; n; ~d
(C) assign ~n1 (Eq. (66)); estimate hSd,eqi and cov(Sd,eq) (Fig. 7) as functions of ~n1; n

8 Identify the design ERS by hSd,eqi or hSd,eqi + std(Sd,eq) = hSd,eqi[1 + cov(Sd,eq)] (Eqs. (63)–(65))
9 Evaluate the maximum displacement xmax (Eq. (49)) and the equivalent static force feq (Eq. (50))

a In this stage of the research, for sake of simplicity, b = 1 (Eq. (4)) and v = 1 (Eq. (8)).
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(9) The maximum displacement of the structure and the
equivalent static force are furnished by Eqs. (49) and (50),
respectively; their application implies an appropriate choice
of the design ERS (Section 7, Table 3). Table 4 summarizes
the results obtained, at the top of the structure and for the
three methods described above, using the mean value of
the ERS and its mean value plus one std, respectively, as
the design ERS. The three methods provide very close results
with utmost simplicity. The passage from using the mean
ERS to using its mean plus one std increases the loading
and the response, on average, of about 15%. Moreover, if
possible, the results become even more stable.

10. Conclusions and prospects

This paper is part of a research project that lays the foundation
of a ‘‘new” method aimed at generalizing the ‘‘old” RS technique
from earthquakes to thunderstorms. A previous paper [53]
addressed the problem of point-like SDOF systems subjected to
wind actions perfectly coherent over the exposed structural sur-
face. The present paper extends this formulation to real vertical
MDOF systems subjected to partially coherent wind fields with
assigned velocity profile and turbulence properties. In this stage
of the research, for sake of simplicity and without limitations for
future developments, the turbulence intensity is independent of
the height above ground, the peak velocity profile is proportional
to the slowly-varying mean wind velocity profile, the structure is
modeled as a continuous slender vertical cantilever beam.
The paper starts from formulating the problem of the dynamic
alongwind response of structures to non-stationary thunderstorm
outflows, both in the time and frequency domains, considering only
the first mode of vibration. Then it adopts the EWST in order to sim-
plify the above formulation and to establish conceptual and opera-
tive bases aiming to apply the TRST to MDOF systems. This goal is
pursued by introducing the new concept of ERS. It is shown that
the RS of a SDOF system subjected to perfectly coherent wind fields
depends on the thunderstorm velocity, the fundamental frequency
and the damping coefficient; the ERS of aMDOF system subjected to
partially correlatedwindfields depends on onemore parameter, the
size factor, that synthesizes the role of the aerodynamic admittance.

It is demonstrated that the ERS admits an upper and a lower
bound. The upper bound corresponds to the case in which the wind
field is perfectly coherent, or the structural surface exposed to
wind is infinitely small, or the aerodynamic admittance is unit;
in this situation the ERS for a MDOF system coincides with the
RS for a SDOF system. The lower bound corresponds to the case
in which the wind field is fully incoherent, or the structural surface
exposed to wind is infinitely large, or the aerodynamic admittance
is null; in this situation the ERS for a MDOF system coincides with
the BRS for a SDOF system.

Two different forms of parameterization are used and
discussed: the former expresses the ERS as a function of the first
natural frequency and of the size factor; the latter expresses it as
a function of two non-dimensional parameters referred to as the
reduced first natural frequency and the reduced size factor. Their
comparison seems to indicate that the latter is more effective than



Fig. 8. Telecommunication antenna mast: (a) schematic view; (b) maximum value of the slowly-varying mean wind velocity and peak wind velocity; (c) peak wind force.

Table 3
Mean value, cov, std, and mean value plus one std of the ERS.

Method hSd,eqi cov(Sd,eq) std(Sd,eq) hSd,eqi + std(Sd,eq)

A 1.20 0.14 0.17 1.37
B 1.15 0.18 0.21 1.36
C 1.17 0.18 0.21 1.38

Table 4
Maximum displacement and equivalent static force at the top of the structure.

Design ERS hSd,eqi hSd,eqi + std(Sd,eq)

Method xmax(H) (m) feq(H) (N/m) xmax(H) (m) feq(H) (N/m)

A 0.44 1600 0.51 1826
B 0.43 1533 0.50 1812
C 0.43 1560 0.50 1840
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the former. It is possible, however, that this remark is influenced by
the model adopted to schematize the structure.

Despite a rather complex formulation, the application of the
TRST is straightforward. It consists in expressing the equivalent
static force as the product of the peak wind force by a non-
dimensional quantity, the ERS, provided by a simple diagram. This
expression establishes a robust link with the parallel expression of
the equivalent static force for synoptic winds. The derivation of the
ERS represents one of the most typical features of this method: it
involves the joint numerical processing of a set of homogeneous
thunderstorm records and the implementation of an analytical
model that conceptually reconstructs the complete wind field
around the measured data.

The expression of the equivalent static force as provided by the
TRST points out four basic ingredients: (1) the design intensity of
the ESF, defined through the peak wind velocity or the maximum
value of the slowly-varying mean wind velocity at a suitable refer-
ence height above ground, with assigned probability of occurrence;
(2) the vertical profile of the design wind velocity associated with
the thunderstorm outflow; (3) the aerodynamic coefficient of the
structure, in prospect including the transient effects due to the lim-
ited duration and the rapid variation of the wind actions; (4) the
dynamic effects due to aerodynamic admittance and the resonant
response of the structure, taken into account through the ERS. This
paper defines this analytical and conceptual framework, provides
preliminary issues with regard to point (4), confirms the utmost
importance of developing future research with reference to points
(1), (2) and (3). Despite this remark, in itswhole, the great simplicity
and the versatility of the TRSTmake it a profitable tool and a power-
ful resource for rapid engineering calculations and code provisions.

This paper presents ample room for advances inmany directions.
First of all, research is in progress to overcome the simplifying

hypotheses according to which the turbulence intensity is indepen-
dent of height and the peak wind velocity profile is proportional to
the slowly-varyingmeanwind velocity profile. This requests, on the
one hand, to generalize the TRST framework in order to accommo-
datemore flexible definitions of these quantities, on the other hand,
to carry out further research aiming to improve the knowledge of
the thunderstorm outflows; this relies on recent advances in field
monitoring, wind tunnel tests and CFD simulations.

Evaluations are being carried out with reference to the many
thunderstorm records already detected by the monitoring network
of the projects ‘‘Wind and Ports” and ‘‘Wind, Ports, and Sea” and
not yet examined [59], including the vertical velocity profiles
recorded by LiDARs. Enriching the catalogue of the thunderstorm
records is a key step, on the one hand, to improve the knowledge
of the RS, on the other hand, to deal with the crucial issue of the
statistical evaluation of the design wind velocity of thunderstorm
outflows. In parallel, it is greatly advised that other groups that
avail of similar measurements may apply the TRST in order to
inspect the different features involved by thunderstorms in differ-
ent parts of the world and their consequences on structures. The
Genoese wind engineering group is opened to carry out joint com-
parisons and analyses.

Studies are also in progress to generalize the procedure limited
here to slender vertical structures to a wider class of building
types. There is the aim of inspecting the role of the higher modes
of vibration, focusing attention on their importance with regard
to the quasi-static and the resonant parts of the response, likewise
the consequences of the sudden changes of direction that fre-
quently occur in the course of thunderstorm. Though the extension
of the EWST from stationary to non-stationary phenomena has
already been the subject of several studies with largely favorable
outcome, the development of a systematic validation of this
method and the TRST is in progress, based on a new strategy for
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the Monte Carlo simulation of thunderstorm outflows. Research
will be developed to generalize the TRST to different types of
non-stationary wind phenomena.

Finally, a comparative study between the dynamic response of
structures to extra-tropical cyclones and thunderstorms remains
to be conducted in order to clarify, for different construction types
and environmental conditions, the main qualitative and quantita-
tive prerogatives of these two phenomena.
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Appendix A. List of main symbols, operators and acronyms

List of symbols

a1; ~a01
 quantities defined by Eqs. (20) and (21)

A1;A

0
1
 quantities defined by Eqs. (24) and (27)
b
 width of the structural surface exposed to
wind
cD
 drag coefficient

cz
 exponential decay coefficient of ~v 0 along z

Coh~v 0 ~v 0
 coherence function of ~v 0 (Eqs. (6) and (29))

d, dmax
 reduced displacement (Eq. (54)) and its

maximum value for a SDOF system

�d; �dmax
 reduced mean displacement (Eq. (59)) and its

maximum value for a SDOF system

deq, deq,max
 reduced equivalent displacement (Eq. (47))

and its maximum value for a MDOF system
f ;�f ; f 0; f̂ ; f eq
 force (Eqs. (9) and (14)), slowly-varying mean
part (Eq. (15)) and residual fluctuating part
(Eqs. (16) and (35)) of f, peak force (Eq. (40)),
and equivalent static force (Eq. (50))
f 1;�f 1; f
0
1

first modal force (Eqs. (13) and (17)), slowly-
varying mean part (Eq. (18)) and residual
fluctuating part (Eqs. (19) and (36)) of f1
bG
 peak gust factor defined by Eq. (8)
h, H
 reference height above ground and height of
the structure
h1, H1
 impulse response function (Eq. (25)) and
complex frequency response function (Eq.
(B.3)) of the first principal coordinate
i
 imaginary unit

Iv ; Iv
 slowly-varying turbulence intensity (Eq. (5))

and its average value

m,m1
 mass per unit length and first modal mass (Eq.

(12))

n, n0, n1
 frequency, fundamental frequency of a SDOF

system, and first natural frequency

~n; ~n1
 reduced frequency and reduced first natural

frequency (Eq. (66))

p1; �p1; p

0
1
 first principal coordinate (Eq. (22)), slowly-

varying mean part (Eq. (23)) and residual
fluctuating part of p1
S~v 0 ~v 0 ; S~v 0 ; S~v 0 ;eq
 CPSD (Eq. (6)) and PSD of ~v 0, PSD of ~v 0
eq (Eq.

(30))
S~a01 ; Sp01
 PSD of ~a01 (Eqs. (28) and (39)) and p01 (Eqs. (26)
and (37))
Sd, Sdb, Sd,eq
 RS (Eq. (55)) and BRS (Eq. (60)) of a SDOF
system, ERS (Eq. (48)) of a MDOF system
t;~t
 time and reduced time

T
 moving average period

u; �u;ueq
 reduced wind velocity (Eq. (53)), reduced

slowly-varying mean wind velocity (Eq. (58)),
and reduced equivalent wind velocity (Eq.
(42))
v; �v;v 0;veq
 wind velocity (Eqs. (1), (3) and (7)), slowly-
varying mean wind velocity (Eq. (4)), residual
fluctuating wind velocity (Eq. (2)), and
equivalent wind velocity (Eq. (34))
�vmax; v̂
 maximum value of �v (Eq. (4)) and peak wind
velocity (Eq. (8));
~v 0; ~v 0
eq
 reduced turbulent fluctuation (Eq. (2)) and

reduced equivalent turbulent fluctuation
eV 0; eV 0
eq
Fourier transforms of ~v 0 and ~v 0
eq
x; x̂; xmax
 displacement (Eq. (10)), peak static
displacement (Eq. (41)), and maximum
displacement (Eq. (49))
z, z0
 heights above ground

zeq
 equivalent height (Eq. (33))

a, b, v
 non-dimensional functions of z that define the

shape of the vertical profiles of �v (Eq. (4)), Iv
(Eq5) and v̂ (Eq. (8))
d; ~d
 size factor (Eq. (32)) and reduced size factor
(Eq. (67));
c, cmax
 non-dimensional function of t that expresses
the time variation of �v (Eq. (4)) and its
maximum value
j
 modal shape factor (Eq. (33))

l; �l
 non-dimensional function of t that expresses

the time variation of Iv (Eq. (5)) and its average
value
q
 density of air

rv
 slowly-varying standard deviation of the

residual velocity fluctuation v0 (Eq. (2))

s
 short time interval over which the peak wind

velocity v̂ is averaged

n
 damping coefficient

w1
 first modal shape

f
 exponent of the power law that approximates

w1
DT
 time interval between 10 min and 1 h
List of operators

C
 operator defined by Eq. (31)

erf
 error function

F, F�1
 Fourier transform and inverse Fourier

transform

h i, std, cov
 mean value, standard deviation and coefficient

of variation
List of acronyms

EWST
 Equivalent Wind Spectrum Technique

PSD, CPSD
 Power Spectral Density and Cross-Power

Spectral Density

RS, BRS, ERS
 Response Spectrum and Base Response

Spectrum for SDOF systems, Equivalent
Response Spectrum for MDOF systems
SDOF, MDOF
 Single- and Multi-Degree-Of-Freedom

TRST
 Thunderstorm Response Spectrum Technique



Fig. C.1. (a) Typical PSD of ~v 0; (b) C as a function of d; (c) PSD of ~v 0
eq as a function of d.
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Appendix B. Quasi-static response

Section 3 provides a general outline of the dynamic response of
structures to non-stationary wind fields. Observing that the dura-
tion of thunderstorms is usually much greater than the first natural
period of structures [59], T1 = 1/n1, and assuming that the time t at
which c = cmax = 1 (Eq. (4)) is sufficiently large, Eqs. (24) and (27)
may be approximated by the relationships [45]:

A1ðtÞ ¼ c2ðtÞ
m1ð2pn1Þ2

ðB:1Þ
A0
1ðn; tÞ ¼ c2ðsÞlðsÞH1ðnÞ ðB:2Þ

where H1 is the complex frequency response function of p1, namely
the Fourier transform of h1 (Eq. (25)):

H1ðnÞ ¼ 1

m1ð2pn1Þ2
1

1� n2
n21
þ 2in n

n1

ðB:3Þ

In other words, excluding unrealistically low values of n1, the
structure responds quasi-statically to the transient thunderstorm
loading. This result is confirmed by embedding the data reported
by [59] into the gust front factor framework provided in [43].
Appendix C. Reduced equivalent turbulent fluctuation

This appendix depicts the application of the EWST through an
example referred to the structure studied in Section 9. Fig. C.1(a)
shows the PSD of the reduced turbulent fluctuation ~v 0, based on
the tentative model proposed for thunderstorm outflows in [59],
in correspondence of z = zeq = 18 m and �vmaxðzeqÞ ¼ 38:0 m=s (Sec-
tion 9). Fig. C.1(b) shows the diagrams of Eq. (31) for a typical
set of size factors d = 0.1–200 m. Fig. C.1(c) shows the PSD of the
reduced equivalent turbulent fluctuation ~v 0

eq (Eq. (30)), pointing
out the filtering effect of C. On increasing d, similarly to the aerody-
namic admittance, C progressively elides the high frequency har-
monic content of ~v 0.

Appendix D. Spectral analysis of the reduced equivalent
turbulence

Let us consider the reduced turbulent fluctuation ~v 0 at the eight
h above ground. Accordingly, let as define the following function
[78]:

~v 0
DTðh; tÞ ¼ ~v 0ðh; tÞ for t 2 ð�DT=2;DT=2Þ ðD:1aÞ

~v 0
DTðh; tÞ ¼ 0 elsewhere ðD:1bÞ
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Assuming that ~v 0 is a sample function of an ergodic process, the
PSD of ~v 0 is given by:

S~v 0 ðh;nÞ ¼ lim
DT!1

jeV 0
DTðh;nÞj2
2pDT

ðD:2Þ

where eV 0
DT is the Fourier transform of ~v 0

DT . Analogously, the PSD of
the reduced equivalent turbulent fluctuation ~v 0

eq is given by:

S~v 0 ;eqðn; dÞ ¼ lim
DT!1

jeV 0
DT;eqðn; dÞj2
2pDT ðD:3Þ

where eV 0
DT;eq is the Fourier transform of the function ~v 0

DT;eq defined
as:

~v 0
DT;eqðt; dÞ ¼ ~v 0

eqðt; dÞ for t 2 ð�DT=2;DT=2Þ ðD:4aÞ

~v 0
DT;eqðt; dÞ ¼ 0 elsewhere ðD:4bÞ
Assuming that DT is sufficiently long, Eqs. (D.2) and (D.3) may

be approximated as:

S~v 0 ðh;nÞ ¼ jeV 0ðh;nÞj2
2pDT

ðD:5Þ

S~v 0 ;eqðn; dÞ ¼
jeV 0

eqðn; dÞj2
2pDT

ðD:6Þ

Let us assume, as in Section 6, that S~v 0 ðzeq;nÞ ¼ S~v 0 ðh;nÞ. Replac-
ing Eqs. (D.5) and (D.6) into Eq. (30), this may be rewritten as:

jeV 0
eqðn; dÞj2 ¼ jeV 0ðh;nÞj2CðdnÞ ðD:7Þ
Eq. (62) derives from Eq. (D.7), remembering that C is a real pos-

itive function (Eq. (31)).

Appendix E. Equivalent response spectrum generalized
assessment

In the framework of the parameterization described in Section 8,
the assessment procedure of the ERS illustrated in Section 7 may
be generalized as follows:

(1) Consider v(h, t) and extract ~v 0ðh;~tÞ and v̂ðhÞ (Eq. (7)).
(2) Evaluate eV 0ðh; ~nÞ ¼ Ff~v 0ðh;~tÞg.
(3) Evaluate eV 0

eqð~n; ~dÞ ¼ eV 0ðh; ~nÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
Cð~d~nÞ

q
(Eq. (62)), being

~d ¼ ~djðj ¼ 1;2; . . . ;eJÞ (Eq. (67)).
(4) Evaluate ~v 0

eqð~t; ~dÞ ¼ F�1feV 0
eqð~n; ~dÞg; ~d ¼ ~djðj ¼ 1;2; . . . ;eJÞ.

(5) Replace ~v 0
eqð~t; ~dÞ into Eq. (34), and determine

veqðh;~t; ~dÞ; ~d ¼ ~djðj ¼ 1;2; . . . ;eJÞ.
(6) Replace veqðh;~t; ~dÞ into Eq. (42), and determine

ueqð~t; ~dÞ; ~d ¼ ~djðj ¼ 1;2; . . . ;eJÞ.
(7) Replace ueqð~t; ~dÞ into Eq. (47), and determine deqð~tÞ; ~d ¼

~djðj¼ 1;2; . . . ;eJÞ; ~n1 ¼ ~n1lðl¼ 1;2; . . . ;eLÞ;n¼ nmðm¼ 1;2; . . . ;MÞ.
(8) Determine Sd,eq (Eq. (48)), ~d ¼ ~djðj ¼ 1;2; . . . ;eJÞ; ~n1 ¼

~n1lðl ¼ 1;2; . . . ; eLÞ; n ¼ nmðm ¼ 1;2; . . . ;MÞ.

Repeating the above procedure for a set of N homogeneous
thunderstorm records, the mean value, the std and the cov of Sd,eq
are provided by Eqs. (63)–(65).
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